Dynamical resurrection of the visibility in a Mach-Zehnder interferometer 
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We study a single-electron pulse injected into the chiral edge-state of a quantum Hall device 
and subject to a capacitive Coulomb interaction. We find that the scattered multi-particle state 
remains unentangled and hence can be created itself by a suitable classical voltage-pulse V(t). 
The application of the inverse pulse —V(—t) corrects for the shake-up due to the interaction and 
resurrects the original injected wave packet. We suggest an experiment with an asymmetric Mach- 
Zehnder interferometer where the application of such pulses manifests itself in an improved visibility. 

PACS numbers: 73.23.-b, 03.65.Yz, 85.35.Ds, 73.43.Lp 
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On demand single-electron sources are an essential 
building block on the road to a mesoscopic solid state 
implementation of quantum computing. Single-particle 
wave packets can be generated with the help of suitable 
voltage pulses [l| and a first experimental realization of 
such a source has been recently achieved |2| in a quantum 
Hall setup. Contrary to their photonic counterparts, such 
single-electron states are prone to decoherence due to the 
interaction with the underlying Fermi-sea [3|. Here, we 
study the influence of a capacitive Coulomb interaction 
on a single-electron wave-packet injected into the chiral 
edge state of a quantum Hall device. Due to the interac- 
tion, the injected particle transfers energy to the Fermi 
sea, leading to the shake-up of electron-hole pairs. Ana- 
lyzing the resulting scattered state, we find that it cor- 
responds to a simple Slater determinant; the underlying 
product nature of the resulting multi-particle state allows 
one to undo the decoherence by applying a suitable local 
voltage-pulse. 

The resurrection of decohered single-particle wave 
packets has numerous potential applications; here, we 
suggest to test this prediction in a Mach-Zehnder inter- 
ferometer implemented in a quantum Hall setup. Elec- 
tronic decoherence has become apparent in such devices 
Q through the observation of a non-trivial decay of the 
visibility Q with increasing bias voltage and a satis- 
factory explanation could be obtained Q via accounting 
for strong Coulomb interaction between edge states. The 
experiments have been performed with a finite bias 
voltage where electrons are stochastically injected into 
the system. We suggest to use an asymmetric setup op- 
erating in the v = 1 quantum Hall regime, where the de- 
coherence is introduced in a controlled manner through a 
capacitive coupling of one arm to a metallic gate. Apply- 
ing suitable voltage pulses to the scattered wave function 
behind the interaction region, the visibility of the inter- 
ference pattern can be improved considerably though not 
perfectly, a consequence of our ignorance regarding the 
path which the electron has taken in traversing the de- 
vice. 

In the following, we study a one-dimensional ballis- 
tic conductor with chiral spinless electrons propagating 



to the right. The capacitive Coulomb interaction is de- 
scribed [8] by the Hamiltonian H mt = huj c N 2 /2, where 
N = J dxg(x) : w' (x)^(x) : is the effective number of 
excess electrons within the interaction region defined by 
the coordinate kernel g(x), hoj c is the Coulomb energy, 
and :A: = A — ($ F |A|$ F ) denotes normal ordering with 
respect to the Fermi sea |$ F ). Within our setup, we ig- 
nore any dissipative coupling to the environment [3| and 
study the effect of the interaction on the structure of the 
scattered many-body wave function. 

Adopting a Luttinger Liquid description we 
introduce the chiral bosonic field 9(x) = —^2 k>a (bke' lkx 
+b\.e~ lkx ) / \/k obeying the commutation relation 
[§(x),8(x')] = iirsgn(x — x'), where b k , bk are bosonic 
creation and annihilation operators, = 5kk' ■ The 

electron field operator ^>(x) and the electronic density 
fluctuations p(x) = : W{x)^!{x) : can be expressed via 
the field 6{x) as = (F/V^nS) exp[-i§(x)] and 

p(x) — d x 8(x)/2TT, where F is the Klein factor acting as 
a Fermion- number ladder operator and 8 is an ultraviolet 
cutoff. 

The interaction Hamiltonian is quadratic in the 
bosonic field p(x), allowing for an exact solution of 
the equations of motion for §(x,t), see Ref. Here, 
we choose a different approach and apply a Hubbard- 
Stratonovich transformation with an auxiliary real field 
z(t) in order to express the evolution operator S(—oo, oo) 
as an exponential linear in N(t), 



S = T + exp 



dtN 2 {t) 



(1) 



= / D[z]f + exp iu c / dt(z 2 {t)~ z(t)N{t)) , 



with T + the usual (forward) time ordering operator. Be- 
low, we will be interested in a non-stationary situation 
and thus define the evolution operator Sk as a time or- 
dered exponent along the Keldysh contour, where z(t) 
assumes different values z±(t) on the upper and lower 
branch of the contour [l(| • Correlation functions are de- 
fined as (f K {S K A(t^)B(t^ 2 )...}}, where the Keldysh 
indices pi 6 {±} specify the branch of the Keldysh con- 



2 



tour for the corresponding time instant ti and the average 
is taken over the Fermi sea |$ F ). 

We consider the scattering problem where an elec- 
tron wave packet f(x) is injected at the left above 
the Fermi sea, |/) = J dxf(x — xq)W(x, t n )\$> F ), far 
from the interaction region (we assume to — > — oo and 
xq = v F to, v F the Fermi velocity). At time t = 0, the 
wave-packet reaches the interaction region where addi- 
tional electron-hole pairs can be excited. Finally, as 
t — > +00, the resulting many-particle scattering state 
I/) = Jdxf(x-x )S^(x,t )\^) = S\f) involves the 
excess electron dressed by a cloud of electron-hole exci- 
tations propagating to the right. 

Our focus is on the complexity of the scattered state 
I/). The simplest fermionic many-particle state is a 
Slater determinant, i.e., an anti-symmetrized (A) prod- 
uct state (obviously, our initial state |/) is of this type). 
In fact, Slater determinants A(\(f>i) (8) |<fo) <8> • ■ • <8> \</>n)) 
correspond to non-entangled .ZV-partite states which can 
be created trivially by collecting fermionic particles in 
quantum states {|<&)}] V without use of any entanglement 



resouces, e.g., two-particle operations 11]. Furthermore, 
any two iV-particle Slater determinants can be trans- 
formed to one another by means of a suitable unitary 
operator U generated by a single-particle Hamiltonian. 

The scattered state is obtained from a unitary evo- 
lution which involves two-particle interactions and thus 
\f) in general is not expected to be a simple Slater de- 
terminent, even if the incoming state is one. Below, we 
analyze the complexity of |/) by testing its overlap with 
any Slater determinant \ fu) = U\f) which we evolve from 
the initial state |/) via a unitary single-particle operator 
U [l2| . Maximizing the overlap (fu\f) as a function of 
the evolution operator U, we find the optimal operator 
U ov t providing the Slater determinant \fu opt ) closest to 



I /) . For the chiral electrons discussed here, we find that 
the scattered state is again a Slater determinant. 

We restrict ourselves to physically relevant single- 
particle operators U that can be generated through ap- 
plication of a local voltage-pulse V(t) at the position x 
of the wire. The operator 



U x = T + exp iv F / dt x(t)p(x,t) 



(2) 



then adds the phase x(t) — ( e /K) / dt' V(t') to each elec- 
tron passing the position x. Furthermore, we change per- 
spective and rotate the scattered state |/) by U x . In 
maximizing the overlap (f\U x \f), one then has to find a 
pulse V(t) such as to bring the resulting state as close as 
possible to the original incoming state |/). The overlap 
(f\U x \f) can be expressed as 



(f\U x \f) = J dxdx' r 2 {x)h{x') 

x(f K {S K U xK ^(x,t^(x',t+)}). (3) 

The wave packets f 1,2(2;) — f(x — £1,2) are localized 
around the retarded coordinates X1.2 = v F ti,2 far left 
(right) to the interaction region (thus rendering the over- 
lap independent on the time coordinates) and the uni- 
tary operator V x k has a nonvanishing phase x(t) only 
on the upper branch of the Keldysh contour (hence 
x(t) = x(t + ))- The average in Eq. ((3J involves a product 
of exponentials linear in the bosonic fields; in addition, 
we choose an incoming wave packet of Lorentzian form [l[ 
/ L (x) = (x+i^)" 1 with width £. A straightforward 

calculation provides the (zero-temperature) result 



(UPxlh) = exp 



dw 
2^ 



(v 2 F \ X (iu)\ 2 G ++ (u J ) + 2iR C lx(u J )}e 



-UJT£ 



iuj c \g(io)\ 2 e-^ 
2 1 + iuj c n ++ {uj)/2 



2tt 



, (4) 



with the time- width = £,/v F and the transformed in- 
teraction kernel g(ui) = J dt g(v F i)e~ lu)t (we assume g(x) 
to be centered around x = 0). G++(w) is the Fourier 
transform of the bosonic Green's function G++ (w, x, x) — 

(f+{p(x,T)p(x,0)}), 

l rfa, u t e -iu'{x-x')/v ¥ 

G ++ (u,x,x) = - — - / — — - s — , 5 



2m u' — uj — i<5sgn(w) ' 



and n ++ (w) derives from n ++ (r) = (f + {N(r)N(Q)}), 
II ++ (u;) = J dxdx' g(x)g(x')G ++ (cj, x, x'). Maximizing 
the overlap (/l|^xI/l) with respect to the phase x(t) one 
finds that the optimal voltage-pulse must generate the 



phase 



Xl(w > 0) 



2 1 



iLo c n; + ( w )/2 



(6) 



and x L (w < 0) = 

Calculating the overlap (/ l |C/ X lI/l) f° r this pulse one 
arrives at the result that the scattered state is a Slater 
determinant state, K/lI^xlI/l)! = 1- Hence, the (prop- 
erly retarded) voltage-pulse generating the phase Xl(^) 
rotates the scattered state |/ L ) exactly back to the origi- 
nal state, i7 XL |/ L ) oc up to a phase factor. 

The incoming state |/ L ) with a Lorentzian wave packet 
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above the Fermi sea can itself be obtained [JJ by applying 
a voltage pulse of Lorentzian shape V L (t) = (2%/ erg) / (1+ 
(t/ r f) 2 ) with the associated phase L (i) = 2 arctan(t/r^), 
i.e., |/ L ) = t/^F^I^p). The operator [/0 L alone cannot 
add charge to the system and it is the Klein factor that 
adds an additional electron at the Fermi level. 

Let us then apply an arbitrary voltage pulse V(t) gen- 
erating an electron-hole state |/^) = Uj,(Fi) n \$ F ) with 
n excess electrons above the Fermi sea. Although not 
covering all possible incoming states, this procedure gen- 
erates an important family of states which can be clas- 
sically prepared by an experimenter. The action of the 
Coulomb interaction on this incoming state can then be 
expressed through a change in the phase <j), i.e., the scat- 
tered state S\fy) is equivalent to the state Ui(F^) n \$> F ) 
with the phase 



{u > 0) = <j)(uj) 



1 + iu c U ++ (uj)/2 
l-iu; II* (w)/2' 



(7) 



U x that plays the 



Note that it is the rotation by U^_^ 
role of the optimal rotation Eq. ©. 

On a technical level, the reason for the separabil- 
ity of the scattered state is found in the chiral na- 
ture of the scattering problem. In the bosonic lan- 
guage, the incoming state can be presented as a co- 



herent state |/ L ) = n^o 6 "* u " kF l vac )> with u k = 
v F Vk (j) h (kv F ) e lkx /2iT and |vac) the bosonic vacuum. 
Since the bosonic Hamiltonian is quadratic and in the ab- 
sence of back reflection, the bosons only acquire a phase 
factor during the propagation through the interaction re- 
gion, bk — > e l5k bk- Thus the scattered state is also a co- 
herent state with Uk — > Uke lSk and therefore exhibits the 
same complexity as the incoming state. 

We now make use of the results Eqs. ([6]) and (J7J in a 
specific application, the improvement of the visibility in a 
Mach-Zehnder interferometer (MZI) fed through single- 
electron pulses. The basic idea is to undo the distortion 
of the wave packets by the Coulomb-interaction via suit- 
able voltage-pulses applied after the scattering region. 
Consider an asymmetric MZI where the electrons passing 
through one arm (the bottom arm d, see Fig. Q} are ca- 
pacitively coupled to a metallic gate. We inject a single- 
electron wave packet f(x) (at xq = v F to < 0) through 
the lead 2 and calculate the average excess current in 
lead 4 when a voltage-pulse with phase x(i) is applied 
right after the interaction region, 



h(x t ) 



= (\tu\ 2 + |*d| 2 )|/(x t )| 2 + tut* d f(xt)G x (x t ) + C.C, 



where xt — x — v F t, i u (d) are amplitudes to go from lead 
2 to lead 4 through the upper (lower) arm and 



g x {x t ) = J dx'f*(x'-x ) (8) 
x(f K {S K U xK ^ d (x',toM(x,t+)}), 
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FIG. 1: Top right: Asymmetric Mach-Zehnder interferometer 
with capacitive coupling to a metallic plate. The voltage pulse 
V(t) serves to undo (part of) the shake-up due to the Coulomb 
interaction. Data: Corrected (solid line) and 'bare' (dashed 
line) visibility as a function of the interaction strength n c = 
u)cT a /<in for low- (nj =2) and high-energy (nj — 10) wave 
packets. 



with the electronic field operator in the bottom arm 
of the interferometer. The term oc Q x {x t ) in I4 describes 
the oscillations in the average current and depends on 
the magnetic flux <i> AB penetrating the interferometer. 

The probability P4 for the excess electron to go into 
lead 4 can be expressed as Pa = J dtl4(t)/e. The visibil- 
ity Vi is the amplitude of the flux-dependent oscillating 
contribution to P4, 



Vi 



dx f(x)Q x (x) 



(9) 



The voltage-pulse rotates the ^> d (x,t) field in Eq. (JHJ, 

$ d (x, t) l>_ x v&d(iE, t)U x = V d (x, t) exp[-ix(t - x/v F )} 
and we can simplify Q x { x t) = exp[z%(— xt/v F )] Q{xt) with 

G(x t ) = I dx' f(x' - x )(f K {SKi' d (x',t~)i>\(x,t + )}) 



(10) 

(11) 



f dx' f*(x r ) i$((x'-Kt)/«p) 



2ni x' 

did 



Xt 



iS 
IsMI 2 



2tt 1 



iu c U* ++ (u)/2 



The optimal visibility Vi then is reached for a voltage- 
pulse generating the phase XMz(f) = — ar g[/( — v F t)] — 
arg[(/(— u P t)]. For a Lorentzian wave packet / L (s) with 
a width £ this optimized phase reduces to XMz(f) = 
-Re$(t + ir e ) = x L (t)/2, half the result Eq. ©. 

In order to understand this result, we analyze 
the quantum state shared between the two arms of 
the interferometer at point A, see Fig. [TJ \A) = 
t 2u |/l)u L> XMZ |$ F ) d + tad |*p>u L> XMZ L>_ XL |/ L ) d . The vis- 
ibility is Vi oc \J dx (A|*i(a;,t)*d(a;,t)|-4)|, or explicitly, 



Vi = \A$*\ui *A^U- X M |$ P ) 4 | 



(12) 



4 



with * 



/ L = / dxf L (x)& (x). For a compensation 
Xmz, the visibility is given by the overlap of the state 
tyf^U XMZ |$ F ) (first term in \A); the particle enters 
the lead 4 from the upper arm) and the contribution 



'$ F ) (second term in \A) with the parti- 
cle coming from the lower arm). The different shapes 
of these wave functions provide 'which-path' information 
which implies a reduction in the visibility. If the elec- 
tron trajectory were known, one could fully compensate 
the effect of the interaction by applying Xmz — Xl ev- 
ery time when the electron chooses the lower arm. Since 
this quantum information is not available, the pulse has 
to be applied blindly and either compensates the effect 
of interaction (if the particle indeed passed through the 
lower arm) or creates additional electron-hole pairs (if 
the particle passed through the upper arm). It turns 
out, that a half-pulse Xmz = Xl/2 partly erases the in- 
formation on the trajectory taken by the electron: after 
recombination in the second beam splitter, the many- 
particle states in the outgoing lead corresponding to the 
propagation through the upper or the lower arm are op- 
timally adjusted to each other such as to increase the 
visibility. Or, in other words, the half-pulse Xl/2 on pur- 
pose erases part of the 'which-path' information in the 
outgoing lead. 

In reality the form of the coordinate kernel g{x) is not 
known. However, one can measure the time dependence 
of the Aharonov-Bohm oscillations of the average current 
and extract the phase $(ir^ — t). Tracing the maximum 
7 > (t) = max$ AB [lilt, $ A b)] and minimum / < (i) currents 
as a function of time for a Lorentzian wave packet, one 
can extract Im$(ir^ — t) from the ratio (I > — I < )/ (I > + 
I<) = 2exp[Im$(ir 4 - t)} \t u t d \/ (\t n \ 2 + \t d \ 2 ). The real 
part Re$(ir^ — t) follows from the analytical properties 
of the function $(£). 

We close with the explicit calculation of the visi- 
bility and its resurrection for a model kernel g(x) = 
exp(— |a;|/a) and an incoming Lorentzian. The optimal 
voltage-pulse V L (t) — e d t X MZ (t)/Ti derives from the phase 



XmzW 



-4n r / dv 



ivt/T a —\u\/nf 



{v + i) 2 [(v - i) 2 -n c ] 



(13) 



With n = ap 5s the number of electrons in the interac- 
tion region a within the energy window 8s (p = l/Kv F de- 
notes the density of states) , we can define the two param- 
eters rif = a/£ and n c = tj c T a /47r with the correspond- 
ing energy scales 5s f = hvp/^ associated with the excess 
energy carried by the wave packet and 8s c — hu> c /2 asso- 
ciated with the typical energy of electron-hole excitations 
(electron- hole pairs with higher energies are suppressed). 
The (un) corrected visibilities (Vi) Vi op t are given by 



Vi = exp 



2in r / dv 



sgn(v)e- 2 ^/ n f 



(14) 



Vi, 



dn/n 



opt 



■ exp 



2in r / dv 



Kg 



(is + i) 2 {(v-i) 2 - n c ] 



and are shown in Fig. [I] as a function of interaction 
strength n c for high- and low-energy incoming wave 
packets. The additional voltage-pulse indeed improves 
the visibility in both cases and the correction is more 
efficient at large n c , where the visibility saturates for 
fixed nf . The saturation at large Coulomb energy oc- 
curs due to energy conservation: an incoming elec- 
tron cannot excite electron-hole pairs with energy higher 
than 6s f no matter how strong the Coulomb energy 
is. The enhancement in visibility is more pronounced 
at large n c and can reach of order 100 % of the origi- 
nal 'bare' value. Summarizing, we have established the 
product nature of single-particle wave packets decohered 
through capacitive Coulomb interaction and have demon- 
strated the possibility for their resurrection through ap- 
propriate voltage pulses. In a real device, the interac- 
tion may add dissipation to the system [3j, which our 
scheme cannot cure. Nevertheless, those parts of deco- 
herence/dissipation which are due to particle shake-up 
(i.e., a deformation of the wave-packet) can always be 
compensated by application of proper voltage pulses. 
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